
Fast Algorithms for the 
Maximum Clique Problem 
on Massive Sparse Graphs

Bharath Pattabiraman (Northwestern)
Mostofa Patwary (Northwestern)
Assefaw Gebremedhin (Purdue)
Wei-keng Liao (Northwestern)

Alok Choudhary (Northwestern)



Outline
● Introduction
● Motivation
● Existing Algorithms
● New Algorithm
● Performance Comparison
● Future Work



Clique Problem
● G = (V,E) is an undirected graph
● Clique - a subset of V such that every node 

is connected to every other in the subset
● Maximal Clique - a clique that cannot be 

enlarged by adding more vertices i.e. one 
that is not a subset of a larger clique

● Maximum Clique - the (maximal) clique 
with largest number of vertices
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Clique Problem

● Maximal cliques of 
size 4 ?

● Also the 
maximum clique
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Balabhaskar Balasundaram, Sergiy Butenko, Illya V. Hicks Clique Relaxations in Social Network 
Analysis: The Maximum k-Plex Problem
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Applications
● Clustering
● Social Network 

Analysis
● Financial Network 

Analysis
● Biomedical data 

analysis and 
Bioinformatics



Algorithms
● Maximum clique problem

○ NP-complete
○ Still infeasible for large instances
○ Practical tricks to obtain acceptable runtimes
○ Heuristic approaches



Related Work
● Branch and bound algorithms

○ enumerate all candidate solutions, discard fruitless 
candidates (a.k.a pruning) using estimated upper 
bounds of the max clique size

○ Carraghan and Pardalos 1990
○ Ostergard 2002
○ Tomita and Seki 2003 - MCQ (vertex coloring as 

upper bound)
○ Konc and Janezic 2007 - MCQD (improved MCQ)



Related Work
● Base Algorithm of most published work

○ Carraghan and Pardalos 1990
○ Branch and Bound algorithm 
○ Variant of depth first search on each vertex 
○ Store the size of largest clique encountered, and use 

for pruning fruitless candidates



Pardalos Algorithm
● pick a vertex from the 

candidate list 
● add it to current clique
● updated candidate list = 

intersection of current 
candidate list and neighbors 
of added vertex

● recurse until all cliques are 
examined
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Modified Pardalos Algorithm
ignore for now

FindMaximumClique(G)

      max_clq = lower_bound;

      For each vertex vi

            Remove vi from G

            FindMaximalCliqueOfV(Neighbors(vi), 1)

FindMaximalCliqueOfV(U, size)

        if U is empty then

if size > max_clq

      max_clq = size

return

        For each vertex vj in U

Remove vj from U

Unew = Neighbors(vj)        U 

FindMaximalCliqueOfV(Unew, size+1)
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Experiments
● Testbed

○ Real world graphs
○ Synthetic graphs
○ DIMACS graphs



Testbed
● Real world graphs

○ Obtained from Florida 
Matrix Collection* - a large 
and actively growing set of 
sparse matrices that arise in 
real applications

* http://www.cise.ufl.edu/research/sparse/matrices/



Testbed
● Synthetic graphs

○ Generated using the RMAT algorithm*

*

● DIMACS graphs
○ From the Second DIMACS Implementation Challenge
○ Established benchmark for the maximum clique problem



Testbed



Algorithms - Comparison
● Carraghan and Pardalos 1990 - Self-

implemented
● Ostergard 2002 - cliquer software package

○ http://users.tkk.fi/pat/cliquer.html
● MCQD+CS 2007 - MaxCliqueDyn software 

package
○ http://www.sicmm. org/ ̃konc/maxclique/

http://users.tkk.fi/pat/cliquer.html
http://users.tkk.fi/pat/cliquer.html
http://www.sicmm.
http://www.sicmm.


Experiments
● Setup

○ Linux workstation (64-bit Red Hat Enterprise Server 
release)

○ 6.22 GHz Intel Xeon E7540 processor
○ Implemented in C++ 
○ gcc version 4.4.6 with -O3 optimization.
○ Single threaded



Results - real-world graphs
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 - Max clique by Heuristic
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- - Implementation couldn’t handle
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Summary
● New algorithm

○ Very effective and orders of magnitude times faster on 
large sparse graphs compared to existing algorithms

○ For certain synthetic graphs and DIMACS graphs, slower 
that existing algorithms

● Heuristic
○ Delivers optimal solution for 83% of graphs in testbed
○ When sub-optimal, accuracy ranges between 0.83 - 0.99



Future Work
● Thorough analysis on effect of pruning steps
● Effect of vertex ordering
● Use heuristic-based approximate lower 

bound to improve pruning
● Compare with more recent algorithms 

(implementation not publicly available)
● Compare heuristic with others


